Abstract-It is proven that the dynamic model of fuel cells is a differentially flat one which means that all its state variables and control inputs can be expressed as differential functions of specific stare variables which are the so-called flat outputs of the system. By exploiting the differential flatness properties of the model its transformation to an equivalent linear form (canonical Brinovsky form) becomes possible. For the latter description of the system's dynamics the design of a statefeedback controller is achieved. This control scheme should be also robust to model uncertainties and external perturbations. To cope with this problem the state-space description of the PEM fuel cells is extended by considering as additional state variables the derivatives of the aggregate disturbance input. Next, a Kalman Filter-based disturbance observer is applied to the linearized extended model of the fuel cells. This estimation method enables to identify the disturbance and model uncertainty terms that affect the system and to introduce a complementary control element that compensates for the perturbations' effects.
I. INTRODUCTION
Fuel cells are renewable power generation sources and their use gets widely deployed in the smart grid [1] [2] [3] . A fuel cell is an electrochemical energy device that converts the chemical energy of the reaction between hydrogen and oxygen into electricity and heat giving also water as by product of the reaction [4] [5] . In this article a nonlinear feedback control method that is based on differential flatness theory is developed for Proton Exchange Membrane (PEM) Fuel Cells [6] [7] . First it is proven that the dynamic model of the fuel cells is a differentially flat one. This means that all its state variables and its control inputs can be expressed as differential functions of a primary variable which is the so-called flat output [8] [9] [10] [11] . Differential (linear) independence is another property that holds between the flat output and its derivatives. By exploiting differential flatness properties the fuel cells' model can be transformed into an equivalent linearized description which is the canonical Brunovsky form [12] [13] [14] [15] . In the latter representation of the system the design of a stabilizing feedback controller becomes possible.
Another problem that has to be dealt with in the deign of the fuel cells' nonlinear controller is that the system is subjected to model uncertainties and external perturbations. To compensate for these disturbances it is proposed to use a Kalman Filter-based disturbance observer in the control loop [16] [17] . The state-space description of the PEM fuel cells is extended by considering as additional state variables the derivatives of the aggregate disturbance input. Through the Kalman Filter recursion and by processing exclusively measurements of the system's output it becomes also possible to identify the perturbation input. The applied Kalman Filter method, also known as Derivative-free nonlinear Kalman Filter consists of the Kalman Filter algorithm applied on the input-output linearized model of the PEM fuel cells. Next, the feedback control law for the system is modified with the inclusion of an additional element which annihilates the aggregate disturbances effects. The performance of this differential flatness theory-based control and estimation scheme is confirmed through simulation experiments.
The structure of the paper is as follows: in Section II the nonlinear dynamics of the PEM fuel-cells model is analyzed and the associated states-space description is obtained. In Section III it is proven that the dynamic model of the PEM fuel cells is a differentially flat one. Moreover, by exploting differential flatness properties an input-output linearized description of the system is obtained. In Section IV flatnessbased control is developed for the PEM fuel cells dynamics while the Kalman Filter is used in the control loop as a disturbance observer. In Section V the stability properties and good transient performance of the proposed control scheme are confirmed through simulation experiments. Finally, in Section VI concluding remarks are provided.
II. NONLINEAR DYNAMICS OF THE FUEL CELLS

A. Nonlinear dynamics of PEM fuel cells
The Proton Exchange Membrane (PEM) Fuel Cell consists of a polymer electrolyte membrane which is placed between the electrodes (anode and cathode), as shown in Fig. 1 . Ions can be diffused through the membrane. If an electrical circuit is established between the anode and the cathode, there will be also a flow of electrons and a potential will appear between the electrodes. In the considered PEM fuel cell the anode is supplied with gas that contains hydrogen while the cathode is supplied with gas which contains oxygen. The overall electrochemical dynamics is
The anode can either be supplied with 2 under pressure or can be supplied with hydrogen by the reformer which generates 2 from methane or other natural gas. The cathode is supplied with oxygen through an air compressor connected to an air filter and finally connected to an air flow controller (valve). On both sides a humidifier is used to prevent drying of the PEM. To produce a higher voltage, multiple cells are connected in series and this forms a stack of fuel cells. A singe cell provides voltage between 0 and 1V. The dynamics of the fuel cells system is given through the following two sets of differential equations [4] :
Cathode mole conservation:
In the above state equations 2 , 2 , 2 , 2 , and 2 are the inlet flow rates of hydrogen, oxygen, nitrogen, anode-side water and cathode-side water. Moreover, are the usage and produced concentrations of the reactants. Furthermore, 2 is the water concentration transferred through the membrane and is a function of the stack current and of the humidity (which is assumed to remain constant). It is also noted that is the anode's volume and is the cathode's volume (multiplied by the reactant's mass concentration in mole).
B. A nonlinear state equations model of the PEM fuel cells
In continuation to the previous analysis a nonlinear model of the PEM fuel cells system is presented [3] . Focusing on the cathode, the state vector of the model is defined as 
, where 2 is the oxugen pressure at the cathode, 2 is the nitrogen pressure at the cathode, is the compressor's rotational speed (r/min), and is the supply manifold pressure [3] . By applying the ideal gas law and by considering that the volume of the cathode is known one has
where is the volume of the cathode, is the universal gas constant, and 
where 2 is the oxygen mass fraction of the inlet air, 1− 2 is the nitrogen mass fraction of the inlet air, and , is the mass flow rate entering the cathode which is given by
where is the humidity ratio
is the mass of the vapor in mole, 
The flow rate at the cathode's exit , is calculated by the nozzle flow equation
where is the ratio of the specific heat capacities of the air, = 2 + 2 + . The mass flow rate of oxygen is expressed as
where is the number of cells in the stack, is the Faraday number and is the stack current. The compressor's turn speed is related to the associated mechanical torque
where is the mechanical input torque, is the load torque [3] 
where , and are motor constants, is a coefficient that denotes the motor's mechanical efficiency.
is the specific heat capacity of air and is the compressor mass flow rate. The dynamics of the air pressure in the supply manifold depend on the compressor flow into the supply manifold = , on the flow out of the supply manifold into the cathode , and on the compressor flow temperature
where is the supply manifold volume and is the temperature of the air leaving the compressor
The nonlinear state-space model of the PEM fuel-cells model is based om Eq. (4), Eq. (11) and Eq. (13) [3]
whre the coefficients 1 , 2 , ⋅ ⋅ ⋅ , 16 are constants. The control input depends the motor's current. The control input is the stack current (which can be considered as an external perturbation to the model).
III. LINEARIZATION OF THE FUEL CELLS DYNAMICS USING DIFFERENTIAL FLATNESS THEORY
A. Differential flatness of the PEM fuel-cells model
It is proven that the dynamic model of the PEM fuel cells given in Eq. (15) to Eq. (18) is a differentially flat one, which means that all its state variables and its control inputs can be written as differential functions of the flat output and its derivatives. The flat output of the model is taken to be = 1 . Eq. (15) is solved with respect to 4 . This gives
or equivalently
By differentiating in time one obtains alsȯ
Substituting Eq. (20) into Eq. (16) one getṡ
By differentiating Eq. (15) with respect to time one has
Using the flat output's notation = 1 the previous relation becomes
The above equation provides a relation between 2 on the one side and and its derivatives of the other side. Therefore, one obtains
By substituting Eq. (25) into Eq. (20) one arrives at
Next, by differentiating in time Eq. (26) one obtainṡ 
Finally, by solving Eq. (17) with respect to the control input one obtains that
Consequently, all state variables of the system and its control input can be expressed as differential functions of the flat output. This means that the PEM fuel-cells model is a differentially flat one.
B. Transformation of the PEM fuel cells model into a canonical form
By proving that the PEM fuel-cells system is differentially flat it can be also assured that it can be transformed into an equivalent linearized form (which is the Brunovsky canonical form). From Eq. (15), and after omitting the disturbance term (unknown stack current) one haṡ
By differentiating with respect to time one gets 
By differentiating the previous relation once more with respect to time one gets an input-output linearized description of the system's dynamics is obtained in the form
where function˜( ) is given bỹ
,
and function˜( ) is given bỹ
IV. FLATNESS-BASED CONTROL OF THE NONLINEAR FUEL CELLS DYNAMICS
Using the input-output linearized description of the system,
and using also that 1 = , and =˜( ) +˜( ) one gets
The control input applied to the PEM fuel-cells system is
Then, a stabilizing feedback controller for the system is
and one gets the closed-loop dynamics
and by choosing the feedback gains , = 1, 2, 3 so as the characteristic polynomial associated with the tracking error's differential equation to be a Hurwitz one, gives
Next, the problem of compensation of model uncertainties and external perturbations (such as the unknown stack current 7 given in Eq. (15)) has to be treated. The linearized dynamics of the system is written as
where˜represents the cumulative disturbance terms. Without loss of generality it is assumed that the disturbance is modelled by the associated 3rd order derivative, plus initial conditions. Since estimation is going to be performed with the use of the Kalman Filter and the filter's convergence is not dependent on knowledge of initial conditions, the latter can be omitted from the problem's formulation. The following state variables are defined: 1 = , 2 =˙, 3 =¨, 4 =˜, 5 =ȧ nd 6 =¨. The extended state vector of the system is 
Defining the extended control input as˜= [˜(
3) ] , the state-space description of the extended system is also written as˙=
Next, a disturbance estimator is designed for the extended state-space model of the system. This has the forṁ
where = , = and = [0 0 1 0 0 0] . By applying common discretization methods, the discrete-time equivalents of matrices , and are obtained. These are written as , and respectively. In this estimation problem the process and measurement noise covariance matrices are denoted as ( ) and ( ) respectively, while the estimation error's covariance matrix is denoted as ( ). The disturbance estimator's gain is computed with the use of the Kalman Filter recursion [18] [19] [20] .
Measurement update:
Time update:
To compensate for the disturbance's effects, the control input that is actually exerted on the system is * ( ) = ( ) −ˆ( )
It is noted that the feedback control input is actually computed with the use of the estimated state vector, that is
V. SIMULATION TESTS
The performance of the proposed differential flatness theory-based control scheme has been confirmed through simulation experiments. In the results which are presented in Fig. 2 to Fig. 5 it can noticed that the developed control scheme achieves fast and accurate tracking of the reference setpoints. Besides, it can be noticed that the proposed Kalman Filter-based disturbance observer enables to identify fast the aggregate term of model uncertainties and external perturbations that affects the control loop. This permits finally to compensate for the disturbance's effects. 
VI. CONCLUSIONS
A new nonlinear control method, that is based on differential flatness theory, has been proposed for the PEM fuel cells model. First it has been proven that differential flatness properties hold for the PEM fuel cells dynamics. Thus means that all state variables and the control input of the system can be expressed as differential functions of a particular state variable which is the so-called flat output. Next, by exploiting differential flatness properties it has been shown the system can be transformed into an equivalent input-output linear form, for which the design of a state feedback controller becomes possible. Another problem that had to be dealt with was robustness against model uncertainties and external perturbations. To this end a Kalman Filter-based disturbance observer has been used in the control loop. The linearized state-space description of the system has been extended by considering as additional state variables the aggregate control input and its derivatives. Next, by processing the sequence of measurements of the system's output the Kalman Filter-based estimator enabled to identify the perturbation term and to compensate for them by including an additional element in 
